Abstract I construct discrete and continuous crystal structures that are compatible with a given choice of dislocation density tensor, and (following Mal'cev) provide a canonical form for these discrete structures. The symmetries of the discrete structures extend uniquely to symmetries of corresponding continuous structures-I calculate these symmetries explicitly for a particular choice of dislocation density tensor and deduce corresponding constraints on energy functions which model defective crystals.
Introduction
I consider solid crystals with uniform distribution of defects (in the sense that the corresponding dislocation density tensor is constant in space) and treat issues related to the symmetry properties of these materials using the theory of Lie groups. Specifically I focus on the particular case where the lattice components of the dislocation density tensor, denoted S ab , have the form
where the corresponding Lie group is nilpotent. This appears to be the simplest case where one can construct discrete and continuous structures compatible with a given choice of S ≡ (S ab ). When (1) [4, 5] , whose purpose is to generalize work on the mechanics of perfect crystals (S = 0) to allow for the existence of defects (S = 0). I focus, throughout the paper, on how concepts related to the crystallography of perfect crystals transfer and generalize to continuous and discrete models of materials with defects. In particular, the discrete structures that Mal'cev considers are the analogues of the simple lattices that are prominent in traditional treatments of the case S = 0, and the symmetry properties of these structures may be discussed in a manner closely related to the method of traditional crystallography.
I work with Davini's model of solid crystals [6] (see also Davini and Parry [7, 8] ), where the kinematical state of the crystal is given by the prescription of three smooth linearly independent vector fields 1 (·), 2 (·), 3 (·) in a domain which one may presume to be R 3 . In this context, the dislocation density tensor is defined by
when the fields
Nominally, the quantity on the right hand side of (2) is evaluated at some point x ∈ R 3 , but in Parry [4, 5, 9] , reasons (based on the motivation for the work) are given to consider just the case where the right hand side of (2) is independent of x, for each a, b, = 1, 2, 3. So I confine attention to the case S = constant here, and note that when S is constant, the values of S are not arbitrary (derive an expression for ∇ ∧ d a from (2), take the divergence and obtain a constraint on the values of S). However the choice of S that is made in (1) is consistent with this constraint.
It is the assumption that S is constant that leads to the connection with the theory of Lie groups. Indeed the assumption turns out to be an integrability condition which guarantees that the first order partial differential system
for the unknown function ψ (where the fields 1 (·), 2 (·), 3 (·) are as above, and are given, and where ∇ 1 ψ(·, ·) denotes the gradient of ψ with respect to its first argument) has a solution. Moreover it follows that
that one can prescribe
and that, for each x, there exists an element x −1 such that ψ(x, x −1 ) = ψ(x −1 , x) = 0.
Thus, ψ can be viewed as a group composition (or, multiplication) function. For the choice of S given by (1), it turns out that the domain of ψ is R 3 × R 3 . So, given lattice vector fields
